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So who gains from a small tick size?
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Abstract

We investigate the relation between price discreteness and the number of dealers in a deale
We present a model featuring a finite number of dealers competing in prices for supplying liq
to a forthcoming market order. We find that a decrease in tick size benefits dealers and tends
investors when the number of dealers for a stock is small. In contrast, a decrease in tick siz
dealers and benefits investors when the number of dealers is large. This result yields seve
empirical implications relating a change in tick size to entry and exit of dealers, order aggress
and transaction rates.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Prices in financial markets are discrete. Until recently, US stock markets traded sto
multiples of $1

16, and previously $18. As of April 2001, all US stock markets use a decim
system, and most prices are quoted in multiples of one penny. The choice of the min
price variation (hereafter called the “tick size”) in any trading mechanism is at the han
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the mechanism designer.1 It is commonly believed that this decision can alter the divis
of gains from trade between different market participants. Moreover, decreasing th
size is considered welfare improving, in the sense that total gains from trade in the m
increase. This is so, because a positive tick size is considered to be a “friction,” prev
trades from taking place even when they are beneficial.

Furthermore, changing the tick size has been used in financial markets as a policy
transfer rents from one type of market participant to another. For example, it is com
believed that a large tick size benefits professional traders, e.g. dealers who quote
Thus, decreasing the tick size in markets such as NASDAQ was aimed to deprive d
from some of their profits, and transfer these profits to investors. The reason for this
is the fact that the tick size forms a lower bound on the bid–ask spread. If compe
among dealers is intense, this lower bound becomes effective, and decreasing the
lowers the bid–ask spread. On the other hand, it is not entirely clear what the impa
decrease in tick size would be when competition among dealers is lax.

Following the rush of exchanges to lower the tick size, many recent empirical pape
the implications of such a move on various liquidity measures. A survey of this liter
can be found inBacidore (1997), Harris (1994, 1997), Goldstein and Kavajecz (2000)and
others. The typical result is that a decline in tick size decreases the average bid–ask
but it also decreases the depth at the inside quotes. Thus, the overall liquidity effe
decrease in tick size is not clear.Jones and Lipson (2001)study the change in tick size
NYSE from eighths to sixteenths. They show that execution costs for institutional tr
actually increase following the decrease in tick size. They conclude that “smaller tick
may actually reduce market liquidity” and that “spreads are not a sufficient statist
market quality.”Christie et al. (2002)study the cross-sectional effects of changing
tick size. They show that the bid–ask spread of high volume stocks declines follow
decrease in tick size, whereas the impact of a decrease in tick size on the spread o
volume stocks is ambiguous.

Do investors always gain from a lower tick size? How are the gains and losses
vestors and dealers following a tick size reduction affected by the number of dealers
market? What are the cross-sectional differences in the effects of a tick size reduct
particular, does a tick size reduction affect the number of dealers, order aggressi
and the transaction rate differently in different markets? Should market designers ta
account the number of dealers when they decide on the tick size for a specific stock

In this paper we provide a model to answer these questions. We do this by invest
the welfare consequences of imposing a positive tick size on a dealer market, and r
these consequences to the number of dealers for a stock. Following the conclusion oJones
and Lipson (2001), we focus on the total welfare of market participants, and not spe
cally on the bid–ask spread. Our model features a finite number of dealers for a s
stock in the spirit of the fragmented market ofBiais (1993). The dealers compete in pric
for supplying liquidity to a forthcoming market order by posting simultaneous quotes
market order may or may not be submitted, depending on the reservation value of a

1 Currency markets are an exception. In these markets there is no “designer.” Yet, maybe by convention
choose their quotes on a grid (seeLyons, 1995, for instance).
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sentative investor. Each dealer has his own privately-known valuation of the stock,
could be driven by idiosyncratic inventory positions, differences of opinions, or liqu
shocks. Dealers’ quotes are restricted to a finite grid of prices, even though their p
valuations may take any value in a finite interval.

We model this interaction as a game of incomplete information (Harsanyi, 1967–1968),
and study the welfare properties of non-decreasing, symmetric, pure strategy Nas
libria. We view this setting as one out of many encounters between dealers and inv
Thus, when deciding on the “correct” tick size, the market designer would like to max
ex ante welfare, represented by the expected gains from trade calculated before any
participant knows his reservation value. We use this ex ante approach to assess the
properties of different discretization policies.

Our main result is that the welfare effects of a change in tick size are affected b
number of dealers in the market.2 Specifically, when the number of dealers is large, t
prefer a coarse grid of prices (large tick size), whereas when the number of dealers is
they prefer a fine grid of prices (small tick size). As for investors, if the number of de
is large, they prefer a small tick size. If, however, the number of dealers is small, th
ambiguity in their preference, with some tendency toward larger ticks.

The relation between price discreteness and the number of dealers may be draw
basic intuition regarding competition in oligopolistic markets. In order to articulate
intuition, we refer to the two extreme cases: the monopolistic dealer case, and the pe
competitive case. Then, we study the gradual move from the former case to the latte

Consider first the case of a monopolistic dealer. This dealer would like to maximiz
ex ante profits, by submitting the optimal quote, given the distribution of reservation v
of the upcoming market order. In a market with a continuous grid of prices the dea
able to submit such an optimal quote. However, a positive tick size restricts his ability
so, and his ex ante expected profit is reduced. Thus, a positive tick size serves as arestrain-
ing device, preventing the monopolistic dealer from fully exploiting his market power
increasing the tick size, investors enjoy the extra welfare extracted from the monop
dealer. However, a large tick size might decrease the probability of transaction. The
opposing forces make the attitude of investors to the tick size in this case ambiguou
attitude depends on the distribution of reservation values.

Consider now the perfectly competitive case—an infinite number of dealers. In this
competition forces the dealers to post “honest quotes.” This means that their quotes
close as possible to their reservation values, given that quotes must lie on a discrete g
dealer shades his quote by more than one tick. As a result, in the perfectly competitiv
the tick size is the only source of profits to dealers, and may be viewed as acommitment
device that enables them to earn positive profits despite competition. Thus, in the pe
competitive case, decreasing the tick size decreases the welfare of dealers. The
loss of dealers is transferred to the public of investors who enjoy an increase in w
following a decrease in tick size. Total market welfare increases as well, reflecting th
that a decrease in tick size increases the ex ante probability of a transaction.

2 We initially derive the model using a fixed and exogenous number of dealers. Later on, we allow the n
of dealers to change endogenously in order to study entry and exit of dealers following a change in tick s
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Intermediate levels of competition feature gradual movement from the monopo
case to the perfectly competitive case. Thus, when the number of dealers is small, th
fer small ticks, since a large tick size prevents them from exploiting their full market po
By contrast, when the number of dealers is large, dealers prefer large ticks. Furthe
when the number of dealers is large, investors prefer fine price grids, while their prefe
for tick size in the case of a small number of dealers is ambiguous; a large tick size
case restrains dealers and transfers gains to the investors, but it might also decre
probability of a transaction and hurt investors.

Our results regarding a small number of dealers stand in contrast to the conve
wisdom among market practitioners that led to the tick size reduction, namely th
creasing the tick size isalways beneficial for investors. Our results suggest that this v
is incorrect, and that the number of dealers for a specific security should be take
account when deciding on the tick size. In particular, if the number of dealers is
enough, setting a larger tick size might hurt dealers and improve the welfare of inve

Our model yields several empirical predictions regarding the cross-sectional effe
a change in tick size. Our main findings are:

• A decrease in tick size would cause a decrease in the number of dealers in m
with a high extant number of dealers, while it will increase the number of deale
markets with a small number of dealers.

• A decrease in tick size tends to increase the probability of transactions, and hen
transaction rate in markets with many dealers, while it has an ambiguous effect
probability of transaction in markets with a small number of dealers.

• A decrease in tick size increases order aggressiveness, and hence decreases
ask spread in markets with many dealers, while it has an ambiguous effect on
aggressiveness in markets with a small number of dealers.

While the last prediction is consistent with the findings ofChristie et al. (2002), we are
not aware of empirical evidence related to the former two.

The paper is organized as follows: In Section2 we survey related theoretical literatur
Section3 presents the model. In Section4 we prove existence of non-decreasing equilib
and define our welfare measures. Section5 analyzes the welfare implications of discre
prices in the case of a monopolistic dealer. Section6 discusses the welfare implications
discrete prices for higher numbers of dealers. In Section7 we study the empirical implica
tions of our model, and the implications for market design. Section8 concludes. Technica
proofs are inAppendix A.

2. Related theoretical literature

Our paper highlights the relation between the number of dealers and the effec
change in tick size. We are not, however, the first to demonstrate that a zero tick size
not be optimal.Seppi (1997)analyzes the impact of a change in tick size in a market w
a specialist with market power competes against a limit order book. Liquidity prov
in his model are perfectly competitive. He shows that while large and small trader
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disagree on the optimal tick size, they would all prefer a tick size strictly larger than
The reason is that a small tick size benefits the specialist by allowing him to underc
book with a lower cost. However, in Seppi’s model, liquidity providers always profit f
a large tick size. In our model, we do not assume perfect competition. Moreover, wh
number of dealers is small, a decrease in tick size actually benefits liquidity supplier

Harris (1994), Cordella and Foucault (1999)andFoucault et al. (2004)provide argu-
ments in favor of a non zero tick size in a dynamic setting.Harris (1994)suggests that
small tick size disrupts time priority, since the cost of undercutting the current quo
opportunistic “quote matchers” decreases with the tick size.Cordella and Foucault (1999
analyze dynamic price competition between two dealers. They show that a larger tic
expedites the convergence of prices to the competitive level. For this reason, a larg
size may result in lower trading costs for investors.Foucault et al. (2004)show that a zero
tick size impairs market resiliency, and hence if the population of traders tends to be
tient, a decrease in tick size might increase the expected spread. In contrast to these
our model is static and the arguments in favor of a positive tick size do not hinge on
priority, the arrival rate of traders, or their waiting costs.

Glosten (1995)models competition for quantities in a discrete setting. In his mo
a decrease in tick size has two effects: it lowers the profitability of individual trade
dealers, but it also increases trade volume. Using numerical calculations he is a
demonstrate cases where decreasing the tick size improves the total profitability
viding quotes (the latter effect overrides the former one). By contrast, in our model d
compete in prices. Furthermore, when the number of dealers is small, decreasing
size increases the profitability of individual trades for dealers, since they can better e
their market power.

In general, none of the above papers relates the number of liquidity providers
effect of tick size reduction; we do. This relation enables us to provide new emp
implications regarding the effect of a change in tick size on the entry and exit of de
the probability of transactions and order aggressiveness. These are absent from th
literature.

Other authors have also considered different aspects of discrete prices in fin
markets.Bernhardt and Hughson (1996)consider a model with two dealers arriving s
quentially to compete for a market order that can arrive before or after the subm
of quotes. In their model, discreteness always limits competition and increases th
its of dealers.Chordia and Subrahmanyam (1995)show that payment for order flow
a natural consequence of a positive tick size.Kandel and Marx (1997)show that a pos
itive tick size yields multiplicity of equilibria in a Bertrand competition of dealers,
provide a rationale for odd-eights avoidance (seeChristie and Schultz, 1994). Anshuman
and Kalay (1998)look for the tick size that maximizes the profits of a competitive ma
maker. They also show that discreteness per se can cause interesting phenomena
location-dependent commissions and market breakdowns. None of these papers c
the relation between discreteness and the number of dealers that we have in this pa

Finally, it is worth mentioning that the strategic relation between the dealers an
investor in our model makes it similar to a mechanism known as the “buyer’s bid
ble auction.” This mechanism was introduced byChatterjee and Samuelson (1983), and
its welfare attributes under different levels of competition have been explored byWilson
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(1985), Williams (1987, 1991), Satterthwaite and Williams (1989a, 1989b), Rustichini et
al. (1994), andZacharias and Williams (2001). Unfortunately, we were unable to use the
results, because they rely on a first-order approach, which is not valid in the face of d
prices.

3. Model

We model the “bid side” of a dealer market for a specific stock. In this bid side, de
submit “buy” quotes anticipating a “sell” market order from investors.3 Our market consist
of m+1 agents(m � 1). The firstm agents are designated as dealers. Each dealer is w
to buy one unit of stock. The last agent is a representative investor, this agent is en
with one unit of stock that she is willing to sell. The fundamental value of the sto
assumed to be common knowledge among all market participants. Still each dealer
own private reservation value of the stock. The diversity of reservation values might
differences in opinions, different inventory levels or liquidity shocks.

The distribution of reservation values for each dealer is given by the cumulative
bution functionF . The representative investor’s reservation value is distributed acco
to a cumulative distribution function denoted byG. The following assumptions are us
throughout the paper:

A. 1. The support ofF andG is [0,1].

A. 2. F and G are twice continuously differentiable, and have strictly positive den
functions denoted byf andg respectively.

A. 3. Reservation values are statistically independent across dealers, and are each
private information.

A. 4. The investor’s reservation value is her own private information, and is statist
independent from the reservation values of them dealers.

The choice of a[0,1] support forF andG is for convenience only. Any other close
interval would work just as well.4 Also, the assumptions on independence and priv
of valuations are used to ease the derivation of the model. In Section8 we discuss the
robustness of our results to changes in these assumptions. In essence, our main res
when the reservation values are non-negatively correlated (affiliated) and when the
common component in valuations.

Reservation values may take any value in[0,1], however quotes (and prices) are
stricted to a finite grid. The market designer chooses an integern � 1, such that quote

3 Modeling the “offer side” of the market, in which dealers are sellers and the investors are buyers, is sym
4 Actually, the supports of valuations for the buyers and the seller need not be identical in order to

results. All we need is that the interior of these supports have a non-empty intersection.
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The trading mechanism is as follows: first them dealers approach the market at on
Each one of them submits a quote in the form: “I am willing to buy one unit of stoc
any price not exceedingp” wherep ∈ Pn. Quotes are submitted contemporaneously, t
dealers cannot see the quotes of other dealers. In the second stage, the investor ap
the market and views all the quotes submitted by dealers. She may either submit a “
order” or quit. A market order means that the investor sells one unit of stock to the d
who submitted the best (highest) quote. If the investor quits then no transaction is m
case of a tie between a few dealers the winner is selected using a fair lottery.5 This trading
mechanism simulates the situation in a fragmented market such as NASDAQ, w
potential investor “shops around” by making phone calls to several dealers, and c
the best quote that exceeds her reservation value (if such a quote is found).

We assume that agents’ payoffs are linear in money transfers. In particular, suppo
a transaction occurs between an investor with reservation valuex ∈ [0,1] and a winning
dealer with reservation valuey ∈ [0,1] at a pricep ∈ Pn. The investor’s profit is the pric
she gets minus her reservation value:p − x, and the winning dealer’s profit is his reserv
tion value minus the price he pays:y − p. All other m − 1 dealers earn zero. In case of
transaction, all them + 1 agents earn zero. All the parameters of the model, the rul
the trading mechanism, as well as the distributionsF andG are assumed to be commo
knowledge among all agents.

This setting may be viewed as a game of incomplete information by identifying
agents’ reservation values as their types. A strategy for a dealer in this game is a m
B : [0,1] → Pn that assigns a quoteB(y) to any possible reservation valuey. A strategy
for the investor is a mapping from{[0,1] × (Pn)

m} to the set {“submit a market order
“quit”}. Thus, a strategy for the investor is a mapping that assigns any combination
investor’s reservation values andm dealers’ quotes with a decision of submitting a mar
order or quitting.

It is readily seen that submitting a market order if and only if the highest dealer’s
is at least as high as the investor’s reservation value is a (weakly) dominant strate
the investor. To see this, denote byb ∈ Pn the maximal dealer’s quote, and denote
investor’s reservation value byx. If b < x, submitting a market order will provide th
investor with a negative payoff ofb − x. However, by quitting the investor can assu
herself a payoff of zero. Ifb � x, submitting a market order will provide the invest
with a non-negative payoff, which is (weakly) preferred to quitting. From now on
will assume that the representative investor always employs her dominant strateg
focus will lie on the quoting strategies of them dealers given this obvious investor’s str
egy.

Next, we obtain the dealer’s objective function. LetB(·) denote a dealer’s strategy, a
let y ∈ [0,1], andb ∈ Pn. We denote byπn,m(b, y,B) the expected payoff to a dealer giv
that:

5 Notice that since prices are discrete, ties are very likely whenm is large relative ton.
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(i) the dealer’s reservation value isy and he submits a quote ofb;
(ii) the investor uses her dominant strategy; and
(iii) all other m − 1 dealers use the strategyB(·).

πn,m(b, y,B) is given byy − b (the payoff in case of winning the transaction) times
probability that a transaction occurs, and that our specific dealer is the one who w
Formally:

(1)πn,m(b, y,B) = (y − b)G(b)Pr




The dealer wins against the otherm − 1
dealers, given that they all use the
strategyB(·).




In a symmetric Nash equilibrium, each dealer’s strategy maximizes his expected p
given that the other dealers use the same strategy.6 Therefore, a symmetric, pure strate
Nash equilibrium in this game is given by a dealer’s strategyB : [0,1] → Pn, such that for
all y ∈ [0,1]:

(2)B(y) ∈ arg max
b∈Pn

πn,m(b, y,B).

Ex post efficiency requires that if the investor values the stock less than one
dealers, then she should sell it to the dealer with the highest valuation. Unfortunately,
Myerson and Satterthwaite (1983), no bilateral trade mechanism that allows for individ
rationality and incentive compatibility is ex post efficient. Our mechanism is no diffe
Indeed, a dealer will never submit a buy-quote higher than his reservation value. Ho
typically dealers will submit buy-quotes lower than their reservation values becau
strategic behavior. This behavior might prevent trade in situations where gains from
exist.

While this inefficiency effect is also encountered in the continuous pricing litera
price discreteness worsens the situation. The reason is that there are only finitely
prices but a continuum of types. Even if bidders were not strategic, they would be f
to shade their bids to the closest price on the finite grid. For instance, if the highest
has a valuation of $5.2 and the tick size is $0.25, he will submit a quote no larger th
If the investor’s valuation is $5.1, there will not be trade even though efficiency req
it. Moreover, typically, the highest quote will be posted by multiple dealers with diffe
types. Since the winner is selected by chance, there is no special reason why the
with the highest reservation value will be selected.

We conclude that inefficiency in our market stems from three sources:

(i) strategic behavior of dealers (we call this the “strategic effect”);
(ii) the discreteness of the grid (we call this the “discreteness effect”); and
(iii) clustering of dealers with different types on the same quote price (we call thi

“clustering effect”).

In order to achieve maximum efficiency, all these three effects must be minimized.

6 For simplicity we confine our attention in this paper to symmetric equilibria only.
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Reducing the strategic effect may be obtained by causing the dealers to submit
as close as possible to their reservation values. In order to formalize this, we defi
“honest strategy,”Hn : [0,1] → Pn, by:

Hn(y) ≡
{

k
n
, k

n
� y < k+1

n
for k = 0, . . . , n − 1,

1, y = 1.

A dealer who uses the “honest strategy”Hn, shades his value as little as possible, gi
that he may only submit quotes inPn. There is no way that the market designer can fo
dealers to use the “honest strategy,” since whenevern > 2 it is not an equilibrium.7

Diminishing the discreteness effect and the clustering effect may be obtained
minishing the tick size (increasingn). The tick size is definitely a decision variable of t
market designer, and he can choose it as he likes. However, a priori the cross-im
decreasing the tick size on the strategic effect is not clear, because decreasing the
changes the set of feasible prices for dealers and hence affects their bidding strateg

4. Equilibrium and welfare measures

Following an approach introduced byAthey (2001), we focus in this paper on non
decreasing equilibria, i.e. equilibrium bidding strategiesB(y) that are non-decreasing
the dealer’s reservation valuey.

SincePn contains only a finite number of actions, any non-decreasing strategy is
step function with a finite number of steps. Therefore, we may identify any non-decre
strategy with its jump points, i.e. the points on the unit interval at which the dealer j
from one quote inPn to another one. This is done using the following definition: We
that a vectorσB ≡ (σB

0 , σB
1 , . . . , σB

n+1) ∈ R
n+2 represents a dealer’s strategyB, if for all

h ∈ {0, . . . , n + 1}, σB
h = inf{y ∈ [0,1]: B(y) � h

n
} whenever there is someh′ � h such

thatB(y) = h′
n

on an open interval of[0,1], andσB
h = 1 otherwise.

The space of all non-decreasing strategies’ representations for a dealer is:Σ ≡ {σ ∈
[0,1]n+2: 0= σ0 � σ1 � · · · � σn � σn+1 = 1}. This is a compact subset of[0,1]n+2.

To illustrate this definition, consider the casen = 6, and letB∗(·) be the non-decreasin
strategy defined by:

(3)B∗(y) =




0, 0� y < 1
3,

2
6, 1

3 � y < 3
4,

4
6, 3

4 � y < 1,

1, y = 1.

ThenσB∗ = (0, 1
3, 1

3, 3
4, 3

4,1,1,1) ∈ R
8.

7 Supposen > 2 andm � 1, and letk ∈ {2, . . . , n − 1}. Suppose that dealer 1 has reservation valuey ∈
( k
n , k+1

n ), and the otherm − 1 dealers useHn. As y gets closer tok
n , the expected profit to dealer 1 fro

submitting k
n tends to zero. However, if he deviates and submitsk−1

n , he gets a positive expected profit. Th
shows thatHn cannot be an equilibrium.
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The following notation is useful: Given a non-decreasing strategyB : [0,1] → Pn, that is
represented by a vectorσB ∈ R

n+2, we denote by∆n(B) the subset ofPn of quote prices
that are submitted with positive probability according toB(·). To illustrate this notation
observe that∆n(B

∗) = {0, 2
6, 4

6} whereB∗ is the strategy defined by (3).
In order to further investigate the nature of equilibria in multi-dealer environment

shall rephrase the objective function of a specific dealer given by Eq.(1) in a more ex-
plicit form. Let B(·) be any non-decreasing strategy for dealers, and lety ∈ [0,1] and
b = k

n
∈ Pn. Recall thatπn,m(b, y,B) denotes the expected profit to a specific dealer g

that his reservation value isy, he bidsb, and all the otherm − 1 dealers use the stra
egyB(·).

If b ∈ ∆n(B) then(1) may be written as follows:

πn,m(b, y,B) =
(

y − k

n

)
G

(
k

n

)(
F

(
σB

k+1

))m−1
m−1∑
r=0

(
m − 1

r

)(
F(σB

k )

F (σB
k+1)

)r

(4)×
(

F(σB
k+1) − F(σB

k )

F (σB
k+1)

)m−r−1

· 1

m − r
.

The term(y − k
n
)G( k

n
) is the profit of the dealer in case of winning times the probab

that the investor chooses to submit a market order. To see the logic behind the othe
notice that in order for a dealer who bidsb = k

n
to win the stock over the otherm − 1

dealers, there must not be any dealer with reservation value equal to or higher thaσB
k+1.

The probability of this event is(F (σB
k+1))

m−1. Conditional on this event, them − 1 other
dealers may be divided such thatr of them(r ∈ {0,1, . . . ,m − 1}) have reservation value
in [0, σB

k ) andm − r − 1 of them have reservation values in[σB
k , σB

k+1). The r former

dealers will surely lose to our dealer since their bid is less thank
n
, while them − r − 1

latter dealers will tie with our specific dealer. Hence, he has a probability of1
m−r

of winning
against them. Going over allr from 0 to m − 1, and taking into account all the possib
divisions of them − 1 dealers to two groups ofr andm − r − 1, yields(4).

After some simplifications and using the binomial formula, Eq.(4) reduces to

(5)πn,m

(
k

n
, y,B

)
= 1

m

(
y − k

n

)
G

(
k

n

)
(F (σB

k+1))
m − (F (σB

k ))m

F(σB
k+1) − F(σB

k )
.

If b = k
n

/∈ ∆n(B), then k
n

is submitted with zero probability according toB(·). In this
case there is probability zero that submitting a quote ofk

n
will result in a tie. Hence, in

order to win the stock, the reservation values of the otherm − 1 dealers must be lowe
thanσB

k . Therefore, in this case:

(6)πn,m(b, y,B) =
(

y − k

n

)
G

(
k

n

)
F

(
σB

k

)m−1
.
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Having established the expressions for the dealers’ objective function we can now
that a non-decreasing, symmetric equilibrium always exists in our model.8

Proposition 1. Consider a market with a tick size of 1
n

and m dealers (n,m � 1), and
suppose the investor uses her dominant strategy. There exists a non-decreasing, symmetric,
pure strategy Nash equilibrium.

In the following sections we investigate the welfare properties of this kind of a
decreasing equilibrium. We view this model as one encounter out of many between d
and investors. Therefore, we gauge the ex ante gains from trade in our mechanism,
expected gains from trade calculated before any market participant knows his rese
value. This is done as follows.

Consider a market with a tick size of1
n

and m dealers, and letBn,m(·) be a non-
decreasing, pure strategy, symmetric Nash equilibrium, represented byσBn,m ∈ R

n+2. Let
F(m)(y) denote the distribution of the highest amongm draws of dealers’ reservatio
values.9 We have:F(m)(y) = (F (y))m. The investor’s ex ante expected profit given t
equilibrium is:

Γ investor
n,m (Bn,m) ≡

1∫
y=0

Bn,m(y)∫
x=0

(
Bn,m(y) − x

)
dG(x)dF(m)(y).

If we denote:γ (t) ≡ ∫ t

0 G(x)dx, then by applying integration by parts, the ex a
profits of the investor may be written as follows:

Γ investor
n,m (Bn,m) =

1∫
y=0

γ
(
Bn,m(y)

)
dF(m)(y)

(7)=
n−1∑
k=1

γ

(
k

n

)[(
F

(
σ

Bn,m

k+1

))m − (
F

(
σ

Bn,m

k

))m]
.

The ex ante profits to the group ofm dealers given the equilibriumBn,m is:

Γ dealers
n,m (Bn,m) ≡ m ·

1∫
y=0

πn,m

(
Bn,m(y), y,Bn,m

)
dF(y).

8 In general, existence of equilibria in games of incomplete information is not obvious.Williams (1991)proved
existence of equilibrium in a similar model with continuous prices. His proof uses a differential equation
nique which is not applicable in our discrete setting.

9 Also known as themth order statistic.
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Using Eq.(5) this can be written as follows:10

Γ dealers
n,m (Bn,m) =

n−1∑
k=1

G

(
k

n

)
(F (σ

Bn,m

k+1 ))m − (F (σ
Bn,m

k ))m

F(σ
Bn,m

k+1 ) − F(σ
Bn,m

k )

(8)×
σ

Bn,m
k+1∫

σ
Bn,m
k

(
y − k

n

)
f (y)dy.

The total gains from trade in the market are defined byΓ total
n,m (Bn,m) ≡ Γ investor

n,m (Bn,m)+
Γ dealers

n,m (Bn,m).
In general, although we know that an equilibrium exists, it is hard to calculate equ

for arbitrary values ofm andn, and distribution functionsG andF . We can easily do
so, however, whenm = 1 (a monopolistic dealer). Moreover, in this case the equilibr
is unique. Form � 2 there are potentially multiple equilibria; however, we show tha
possible equilibria converge to the “honest strategy” asm tends to infinity. In the following
sections we investigate these two extreme cases (monopoly vs perfect competitio
also demonstrate that intermediate numbers of dealers feature a gradual move fr
former case to the latter.

5. Discrete prices with a monopolistic dealer

Consider the case of a monopolistic dealer (m = 1). We would like to gauge the effect o
a change in tick size on the welfare measures in this market. Suppose that the tick si1

n
.

Since the investor uses her dominant strategy, the dealer’s equilibrium strategyBn,1(y)

solves:

(9)Bn,1(y) ∈ arg max
b∈Pn

πn,1(b, y,Bn,1) ≡ (y − b)G(b).

In order to enhance the intuition, it is useful to consider first the case of a zer
size (n = ∞). If prices are continuous then the optimal quoting strategy of the dea
found by writing the first-order condition of(9) with respect tob.11 This yields an implicit
equation forB∞,1(·):

(10)B∞,1(y) = y − G(B∞,1(y))

g(B∞,1(y))
.

We see that the dealer posts a quote equal to his valuation less a positive term rep
ing strategic shading. For instance, ifG is uniform then we obtain:B∞,1(y) = 1

2y. This

10 Notice that for the sake of calculatingΓ buyers
n,m (Bn,m) we can dispense with Eq.(6) because the probability o

the event:{y: Bn,m(y) /∈ ∆n(Bn,m)} is zero by definition.
11 An in depth study of the case of continuous prices is found inSatterthwaite and Williams (1989a), andKadan
(2004). In particular they provide conditions assuring that the first-order condition is actually sufficient
equilibrium.
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demonstrates the “strategic effect” which is present when prices are discrete and wh
are not. When we study the impact of discrete prices we can no longer use first-ord
ditions. Still, it is easy to see that the equilibrium in this case is determined uniquely.12 We
now study this equilibrium.

Proposition 2. Consider a market with a monopolist dealer (m = 1), and a tick size of 1
n

.

The unique equilibrium Bn,1(·) is represented by the vector σBn,1 ∈ R
n+2 where: σ

Bn,1
0 = 0,

σ
Bn,1
n = σ

Bn,1
n+1 = 1 and for all k = 1, . . . , n − 1:

(11)σ
Bn,1
k = min

(
k

n
+ 1

n
· G(k−1

n
)

G( k
n
) − G(k−1

n
)
,1

)
.

The proof of this proposition is immediate. It follows from the fact that fory = σ
Bn,1
k ,

the dealer is indifferent between submitting a quote ofk
n

and a quote ofk−1
n

. Therefore:

(σ
Bn,1
k − k

n
)G( k

n
) = (σ

Bn,1
k − k−1

n
)G(k−1

n
). Solving forσ

Bn,1
k yields(11).

Notice that the equilibrium does not depend onF at all. This is so because the dea
maximizesπn,1(·) which does not depend onF due to lack of competition. It can als
be checked that the equilibrium without a tick size given in(10) is just the limit of the
equilibrium inProposition 2when the tick size tends to zero.

Let η � 1 be an integer and let̃n = nη. Observe thatPñ is a refinement ofPn in the
sense that any price that is feasible when the tick size is1

n
is also feasible when the tic

size is 1
ñ
. In this section we restrict our attention to this kind of grid refinements, w

are fairly prevalent in reality (e.g. a change from a tick size of $1
8 to $ 1

16). Other kinds of
changes in tick size would introduce some pathologies to the analysis.

Our first observation regarding welfare is that refining the grid of prices willalways
improve the position of the monopolistic dealer. This is so because by refining the g
potential prices we enrich the set of actions he is allowed to take, and since there
competitive pressure, he uses this richness and his “first mover advantage” to incre
payoff. This observation is formalized in the next proposition.

Proposition 3. Consider a market with a monopolistic dealer, and let η > 1 be an integer.
Suppose Bn,1(·) and Bñ,1(·) are the equilibrium strategies when the tick size is 1

n
and

1
ñ

≡ 1
ηn

respectively. The expected profits to the dealer given a tick size of 1
ñ

are larger than

when the tick size is 1
n

. Namely: Γ dealer
n,1 (Bn,1) � Γ dealer

ñ,1 (Bñ,1).

12 More precisely, the equilibrium is unique up to changes of zero probability. To see this, letb1, b2 ∈ Pn, y0 ∈
[0,1] and suppose that(y0 − b1)G(b1) = (y0 − b2)G(b2). The support ofG is [0,1], therefore:G(b1) �= G(b2)

and hencey0 is the only point in[0,1] for which that equality holds. SincePn is finite, we obtain that equality
holds for at most finitely many points in[0,1]. SinceF is differentiable, the probability assigned byF to any
finite set of points is zero.
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Proof. From Eq.(8), the dealer’s expected profits are given by:

Γ dealer
n,1 (Bn,1) =

1∫
y=0

πn,1
(
Bn,1(y), y,Bn,1

)
f (y)dy

=
1∫

y=0

(
y − Bn,1(y)

)
G

(
Bn,1(y)

)
f (y)dy,

Γ dealer
ñ,1 (Bñ,1) =

1∫
y=0

πñ,1
(
Bñ,1(y), y,Bñ,1

)
f (y)dy

=
1∫

y=0

(
y − Bñ,1(y)

)
G

(
Bñ,1(y)

)
f (y)dy.

SincePñ is finer thanPn, (y − Bn,1(y))G(Bn,1(y)) � (y − Bñ,1(y))G(Bñ,1(y)) for
all y. Therefore:Γ dealer

ñ,1 (Bñ,1) � Γ dealer
n,1 (Bn,1). �

Although this result is almost trivial, it forms the basis for the main theme of this p
It shows that in the absence of competition, dealers prefer fine grids, since they
them to make better use of their “first mover advantage.” It is, however, necessary to
that this result carries on to markets with a higher number of dealers. We will dea
this issue in Section6.

In contrast to this unambiguous result, the effect of a decrease in tick size on the in
and on total welfare is ambiguous. To capture this point, notice that the investor’s w
may increase following two kinds of events:

(i) a transfer of welfare from the dealer to the investor, and
(ii) an increase in the probability of a transaction.

If the probability of a transaction were constant, any decrease in the welfare of the
would be immediately translated to an increase in the welfare of the investor (a zer
game). Thus, followingProposition 3, any decrease in tick size would mean a lower w
fare for the investor. However, the probability of transaction varies following a ch
in tick size; it might increase or decrease. Thus, a decrease in tick size in the mo
listic dealer case has an ambiguous effect on the investor and on total welfare. N
however, that a decrease in tick size in this case always has a negative effect on
vestor because it benefits the dealer. Only in cases where the increase in the pro
of trade compensates this negative effect will the investor be better off with a sm
tick size. This implies that in the monopolistic dealer case, investors have a prefe
for larger ticks. The extent of this preference depends on the distribution of reser
values.

We shall now provide two examples to demonstrate that in this monopolistic setti
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(i) decreasing the tick size might have no effect at all on total welfare, and
(ii) decreasing the tick size might even impair total welfare.

One can also devise examples where decreasing the tick size is welfare improving
the impact of refining the grid of prices on market welfare is counterintuitively ambigu

Example 1. A large tick size might be highly efficient.

Assume thatF andG are uniformly distributed over[0,1], and letn be an even intege
By Proposition 2it follows that the unique equilibriumBn,1(·) is given by:

Bn,1(y) =




0, 0� y < 1
n
,

k
n
, 2k−1

n
� y < 2k+1

n
for k = 1, . . . , n

2 − 1,

1
2, n−1

n
� y � 1.

Given this equilibrium, we can calculate the welfare measures as follows:13

Γ dealer
n,1 (Bn,1) =

n/2−1∑
k=1

2k+1
n∫

y= 2k−1
n

k
n∫

x=0

(
y − k

n

)
dx dy +

1∫
y= n−1

n

1
2∫

x=0

(
y − 1

2

)
dx dy

= 1

12
− 1

12n2
,

Γ investor
n,1 (Bn,1) =

n/2−1∑
k=1

2k+1
n∫

y= 2k−1
n

k
n∫

x=0

(
k

n
− x

)
dx dy +

1∫
y= n−1

n

1
2∫

x=0

(
1

2
− x

)
dx dy

= 1

24
+ 1

12n2
,

Γ total
n,1 (Bn,1) = Γ dealer

n,1 (Bn,1) + Γ investor
n,1 (Bn,1) = 1

8
.

These calculations suggest that a decrease in tick size increases the gains of th
as predicted byProposition 3, decreases the gains of the investor, and does not affect
gains at all. Indeed, total gains from trade are equal to1

8 regardless of the tick size. Th
result is striking since a very coarse grid (sayn = 2) yields the same ex ante total gai
from trade as any finer grid, which are identical to the ex ante total gains from trad
result in the continuous pricing case (n = ∞). The reason for this result is the fact th
the probability of trade in this monopolistic, uniform case is equal to1

4 regardless of the
tick size. Since there is no clustering in a monopoly, a constant probability of trade im
constant total gains from trade.

Example 2. Decreasing the tick size might impair total welfare.

13 In the following calculations we use the identity: 12+22+· · ·+r2 = r(r+1)(2r+1) , for any positive integerr .
6
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Let us keep the assumption thatG is uniform and suppose thatf is given by14:

f (y) =




0, 0� y < 1
2,

4, 1
2 � y < 3

4,

0, 3
4 � y � 1.

Consider the equilibrium strategies in the casen = 2 andn = 4, denoted byB2,1 and
B4,1 respectively. Since equilibrium behavior does not depend onF , these strategies are th
same as inExample 1. However,F does influence our welfare measures. Calculations s
for the casen = 2 that:Γ dealer

2,1 (B2,1) = 1
16, Γ investor

2,1 (B2,1) = 1
8 andΓ total

2,1 (B2,1) = 3
16. For

the casen = 4 we obtain:Γ dealer
4,1 (B4,1) = 3

32, Γ investor
4,1 (B4,1) = 1

32 andΓ total
4,1 (B2,1) = 1

8.

Thus, by moving from a tick size of12 to a tick size of14, total ex ante welfare decreas
from 3

16 to 1
8 (a decrease of 33% in total welfare). In this example, grid refinemen

creases the probability of a transaction.15 This causes a decline in total welfare.
To summarize: in the case of a monopolistic dealer, a decrease in tick size impro

position of the dealer, and has an ambiguous impact on the investor with some pre
for coarser grids. In what follows we claim that these welfare patterns hold whenm is
larger than 1 but is sufficiently small.

6. Discrete prices in competitive markets

Our model features two “levers” that can be pulled: the tick size1
n
, and the number o

dealersm. We first study the effect of an increased number of dealers on bidding stra
given a fixed tick size. Eventually, the number of dealersm depends on the tick size and
determined endogenously. We study this effect in Section7.

In the next proposition we show that as the number of dealers increases, deal
forced to submit higher quotes. Actually, whenm tends to infinity (perfect competition
any sequence of equilibrium strategies tends to the “honest strategy”Hn. Formally:

Proposition 4. Assume a tick size of 1
n

. Let {Bn,m}∞m=1 be any sequence of non-decreasing
equilibrium strategies in markets with m dealers, then limm→∞ Bn,m = Hn almost every-
where on [0,1].

Thus, althoughHn is not an equilibrium, any equilibrium in markets with a high nu
ber of dealers would be very close toHn. Figure 1demonstrates the convergence proc
It presents an equilibrium strategy in the casen = 4. The shaded areas on the horiz
tal axis designate types for which the strategy specifies a dishonest quote. Accor
Proposition 4, the sum of the probabilities of these areas tends to zero asm tends to∞.

14 Thisf violates the assumption that the density function is strictly positive and continuous. However, t
by easily amended by increasing the mass over the zeroed intervals slightly, and decreasing the mass
interval [ 1

2 , 3
4) accordingly, in a way that will assure continuity as well. Continuity of the efficiency meas

implies that our results will keep holding when we use the amended density.
15 We elaborate more on the probability of transaction in Section7.2.
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Fig. 1. Equilibrium with a limited level of competition.

In Section5 we saw that decreasing the tick size in the monopolistic case may
some odd results. Next we investigate the other limiting case, of decreasing the tic
in a perfectly competitive market. Then we examine the extent to which these result
be applied to markets with just a limited number of dealers. We demonstrate that
number of dealers is small, the results of the monopolistic case may apply.

Let us fix a tick size of1
n
, and consider any sequence of equilibrium strategies{Bn,m}

in markets withm dealers. We denote:

Γ investor
n,∞ ≡ lim

m→∞Γ investor
n,m (Bn,m),

Γ dealers
n,∞ ≡ lim

m→∞Γ dealers
n,m (Bn,m), and Γ total

n,∞ = Γ investor
n,∞ + Γ dealers

n,∞ .16

These measures gauge the expected gains from trade to each group and to the
as a whole, when the market becomes perfectly competitive. In the following propos
we use these measures to study the division of surplus in perfectly competitive m
Before stating it, the following notation is needed. Denote:µG ≡ ∫ 1

0 x dG(x). This is the
ex ante expected value of the stock to the investor.

Proposition 5. Consider a market with a tick size of 1
n

. Let {Bn,m} be any sequence of
non-decreasing equilibrium strategies in markets with m dealers. The following holds17:

(1) Γ investor
n,∞ = 1− µG − 1

n
+ O

(
1

n2

)
,

(2) Γ dealers
n,∞ = 1

2n
+ O

(
1

n2

)
,

16 In what follows we show that these limits do exist, and thus justify this notation.
17 Given two functionsf (n) andg(n), we say thatf (n) is O(g(n)) if there exists a constantκ such that for all
large enoughn, |f (n)| � κg(n). Thus, a function isO( 1

2 ) if it converges to zero at least as quickly as1
2 .
n n
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(3) Γ total
n,∞ = 1− µG − 1

2n
+ O

(
1

n2

)
.

The intuition behind this result is as follows. As the number of dealers increases
are forced to submit honest quotes. Thus, the winning dealer gets the stock and p
reservation value minus an amount that is between zero and1

n
. On average, the winnin

dealer gets a “discount” of approximately12n
. This discount is the dealers’ last resort, sin

it is the only source of profits for them in a competitive market. The profits of the de
are, thus, approximately proportionate to the tick size. It follows that a positive tick
serves as acommitment device for dealers, and enables them to shade their bids even i
face of severe competition.

As for the investor, since the number of dealers tends to infinity, the highest qu
likely to be 1− 1

n
. Therefore, the expected gains to the investor are approximatel

quote minus the expected reservation value of the investor: 1− 1
n

− µG. Finally, since the
dealers gain one half of tick size while the investor loses a whole tick size, decre
the tick size improves total welfare. This improvement reflects the higher probabil
execution following a decrease in tick size in a highly competitive market.

While this result seems plausible, there is a problem in applying it to less then pe
competitive markets. The reason is that the welfare measures converge gradually
perfectly competitive outcome. When the number of dealers is small, the welfare me
tend to resemble the monopolistic case rather than the perfectly competitive case
decreasing the tick size helps the dealers and has an ambiguous effect on the inve
on total welfare. Only for a sufficiently large number of dealers, a decrease in tick siz
the same implications as in the perfectly competitive case. The next example illustra
point.

Example 3. Two dealers with uniformly distributed reservation values.

Supposem = 2, andF andG are uniform. Ifn = 2 the unique equilibrium is given by

B2,2(y) =
{

0, 0� y < 1
2,

1
2, 1

2 � y � 1.

The welfare measures in this case are:Γ investor
2,2 = 0.09375 andΓ dealers

2,2 = 0.09375, thus the
investor and the two dealers split the potential gains from trade equally.

If n = 4, calculation shows that the unique equilibrium is:

B4,2(y) =




0, 0� y < 1
4,

1
4, 1

4 � y < 0.5897,
2
4, 0.5897� y � 1.

The welfare measures in this case are:Γ investor
4,2 = 0.0904 andΓ dealers

4,2 = 0.1083.
We see that the decline in tick size decreases the profit of the investor by 3.6%

increases the profits of the dealers by 15.5%. Thus, despite the competition betw
two dealers, decreasing the tick size is beneficial for them, and hurts the investor.
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Fig. 2. Welfare implications of competition among dealers.

Figure 2illustrates the gradual move of welfare measures from the monopolistic
to the fully competitive case. It shows that for a small number of dealers, decreasi
tick size helps the dealers and tends to hurt the investor.18 By contrast, when the numbe
of dealers is high, decreasing the tick size hurts the dealers and improves the welfar
investor.

7. Empirical implications and market design

In this section we study the implications of our model on the cross-sectional effe
a decrease in tick size. We analyze the effect of a decrease in tick size on the num
dealers, on the probability of transactions, and on the aggressiveness of the quotes.
as an application to market design, we look for an “optimal tick size.”19

7.1. Tick size and the number of dealers

So far we have assumed that the number of dealers is given exogenously. Howe
tick size is a determinant of dealers’ profits. It follows that the number of dealers its
affected by the tick size.

In order to study entry and exit of dealers, assume that each dealer incurs a tran
costC > 0 for each submission of quote. This cost reflects variable as well as fixed

18 As described in Section4, decreasing the tick size has an ambiguous effect on the investor when compet
lax. The most likely scenario, however, is that a decrease in tick size would hurt the investor.Figure 2demonstrates
this most likely scenario.
19 I am grateful to an anonymous referee for motivating much of the discussion in this section.
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associated with supplying liquidity. The equilibrium number of dealers is determined
that there is no incentive for dealers to enter or exit the market. Thus, the equilibrium
ber of dealers is the largest positive integerm∗ such that the per-dealer profits exceedC:

1

m∗ Γ dealers
n,m∗ (Bn,m∗) � C.

We shall assume thatC is small enough such that a monopolistic dealer finds it wo
while to participate in the market, namely:Γ dealers

n,1 (Bn,1) � C. As the number of dealer

m, tends to infinity, the profit to the dealers as a group is on the order of1
2n

(Proposition 5).
However, the profit per dealer is on the order of1

2nm
, and hence tends to 0. It follows th

when the number of dealers becomes too large, providing liquidity becomes unprofi
regardless of the tick size. We conclude that there exists a number of dealersm∗ � 1, that
makes liquidity provision just marginally profitable, in the sense that any additional d
would make the provision of liquidity unprofitable. Thism∗ is the equilibrium number o
dealers. Thus, whenn is sufficiently large, we find that the equilibrium number of de
ers is given approximately by:m∗ ≈ 1

2nC
. If 1

2nC
is relatively large, the current number

dealers will be large. Then, a decrease in tick size (increase inn) will cause some dealer
to exit the market.

By contrast, if the current equilibrium number of dealers is small, a decrease i
size will cause exactly the opposite effect. Recall that when the number of dealers is
a decrease in tick size increases the profit to the dealers. For this reason, a decreas
size in this kind of a market will attract more dealers andm∗ will increase.

To demonstrate the last argument, consider the following example.

Example 4. A decrease in tick size induces a market to attract more dealers whe
current number of dealers is small.

Assume thatF andG are uniformly distributed over[0,1], and suppose that the e
try cost isC = 0.05. Suppose first thatn = 2. FromExample 1we know that ifm = 1
thenΓ dealers

2,1 (B2,1) = 0.0625> C. If m = 2 we get fromExample 3that the per dealer ex

pected profits are12Γ dealers
2,2 = 0.5·0.09375= 0.046875< C. It follows that the equilibrium

number of dealers in this case ism∗ = 1 (a monopoly). Suppose now that the tick size is
duced to $14. FromExample 1we have that in a monopoly:Γ dealers

4,1 (B4,1) = 0.078125> C.
While, if the number of dealers is 2, we have fromExample 3that the per dealer profit is
1
2Γ dealers

4,2 = 0.5 · 0.1083= 0.5415> C. This implies that when the tick size has decrea

to $1
4, the equilibrium number of dealers has increased tom∗ = 2.

In summary, a decrease in tick size is expected to cause a decrease in the nu
dealers in stocks that currently have many dealers. By contrast, stocks that have
number of dealers are expected to attract more dealers following a decrease in tic
Thus, our model predicts that following a decrease in tick size, some dealers would m
from highly liquid stocks, where the competition among dealers is intense, to less
stocks.
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7.2. Tick size and transaction probability

One of the implications of changes in tick size is on the probability that a transactio
take place. Intuitively, the tick size seems to be a friction that prohibits transactions
taking place. Hence, it appears that a decrease in tick size would increase the proba
transactions. Again, this intuition is only correct in markets with a large number of de
To see this, let us fixm andn and letBn,m be an equilibrium strategy. The probability of
transaction is given by:

P(Bn,m) ≡
1∫

y=0

G
(
Bn,m(y)

)
dF(m)(y)

(12)=
n−1∑
k=1

G

(
k

n

)[(
F

(
σ

Bn,m

k+1

))m − (
F

(
σ

Bn,m

k

))m]
.

When the number of dealers is very large, the winning dealer typically posts a qu
1 − 1

n
, and hence the probability of a transaction isG(1 − 1

n
). For this reason, when th

number of dealers tends to infinity, the probability of a transaction is higher when th
size is lower. In fact, as the number of dealers increases, the probability ofno transaction,
1− P(Bn,m), is on the order of1

n
, the tick size itself. Formally:

Proposition 6. Assume a tick size of 1
n

. Let {Bn,m}∞m=1 be any sequence of non-decreasing

equilibrium strategies in markets with m dealers, then limm→∞(1− P(Bn,m)) = O( 1
n
).

We conclude that when the number of dealers in a specific market is large, decr
the tick size increases the likelihood of transactions.

When the number of dealers is small, the situation is less straightforward, and
crease in tick size might increase or decrease the probability of a transaction. For in
using(12) we find that inExample 2the probability of a transaction is12 when the tick
size is $1

2, while it declines to1
4 when the tick size is $14. In Example 1, the probability

of a transaction is14 regardless of the tick size. Other examples can be found such
the probability of a transaction will increase following a decrease in tick size even
monopoly. Thus, the impact of a decrease in tick size on the probability of a trans
when the number of dealers is small is ambiguous.

Since a higher probability of a transaction contributes to a higher rate of transac
our findings suggest that a decrease in tick size will tend to increase the transacti
in markets with a high number of dealers, while it will have an ambiguous effect o
transaction rate in markets with a small number of dealers. We are not aware of em
evidence related to this prediction.

7.3. Tick size and order aggressiveness

A dealer acts aggressively if he shades his bid in a minor way. Thus, buying d
act aggressively if their quotes are high, and selling dealers are aggressive if their
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are low. Taken together, an aggressive strategy will induce a small bid–ask spread
security market. It is hard to measure the bid–ask spread in our model directly, bu
aggressiveness can still be studied.

For a given equilibrium strategyBn,m we measure the expected aggressiveness o
equilibrium as the average quote of the highest bidder. We denote this expected
siveness byΩ(Bn,m). Intuitively, whenΩ(Bn,m) is high, buying dealers shade their quo
downward only mildly. In a symmetric way, selling dealers would shade their quote
ward only mildly, and the bid–ask spread would be small. Formally:

(13)Ω(Bn,m) ≡
1∫

0

Bn,m(y)dF(m)(y) =
n−1∑
k=1

k

n

[(
F

(
σ

Bn,m

k+1

))m − (
F

(
σ

Bn,m

k

))m]
.

When the number of dealers is high, each dealer tends to bid “almost honestly.”
competition between dealers induces them to submit aggressive quotes. The tick
this case limits the extent of aggressiveness of dealers. For this reason, when the
of dealers is large, decreasing the tick size tends to increase the aggressiveness of
To see this point formally, we study the effect of the tick size when the number of de
tends to infinity.

Proposition 7. Assume a tick size of 1
n

. Let {Bn,m}∞m=1 be any sequence of non-decreasing

equilibrium strategies in markets with m dealers, then limm→∞ Ω(Bn,m) = 1− 1
n

.

When the number of dealers is small, this result does not hold. In particular, red
the tick size might make dealers more or less aggressive. To demonstrate this, c
againExample 2. When the tick size is $12 the expected aggressiveness is1

2, while when
the tick size is $14 the expected aggressiveness is just1

4.
In summary, when the number of dealers is large, a decrease in tick size is expe

decrease the bid–ask spread because it increases the aggressiveness of quotes.
number of dealers is small, a decrease in tick size will have an ambiguous effect on d
aggressiveness. This prediction is consistent with the findings ofChristie et al. (2002).

7.4. Optimal tick size

It is natural to ask whether our model yields a definite “optimal” tick size, name
tick size that maximizes the total welfare in the economy (or perhaps the welfare
investors). The model is successful in yielding such a definite answer in one case o
the number of dealers in a specific stock is very large, a very small tick size will max
the total welfare as well as the welfare of investors (Proposition 5). For markets with jus
a small number of dealers, our model does not yield a definite optimal tick size. We
shown that when the number of dealers in a specific stock is small, a sufficiently sma
size might transfer welfare gains from the investors to the dealers, whereas too larg
size might adversely affect the probability of a transaction.

A normative implication of these observations is that as the number of dealers inc
(for exogenous reasons), the tick size should be reduced. This is because the larg
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number of dealers, the closer is the market to the perfectly competitive outcome
versely, if the number of dealers decreases, market designers should generally incre
tick size.20

For a fixed number of dealers, a decrease in tick size might have a detrimental ef
investors’ welfare. In order to further explore this point, we study the rate of converg
of markets to the competitive outcome. Namely, how far is the market from the per
competitive case given a finite number of dealers? We show below that this rate dec
as the grid of prices becomes finer. Thus, when we decrease the tick size, a higher
of dealers is needed to ensure behavior that is similar to the perfectly competitive
Figure 3demonstrates this finding. This figure presents the investor’s welfare given
levels of price discreteness, and increasing numbers of dealers. The solid thick l
presents the welfare of the investor given a coarse grid, the solid thin line represe
investor’s welfare given a finer grid, while the dashed line represents the investor’s w
given a very fine grid. A finer grid implies a higher investor’s welfare when we appr
an infinite number of dealers. However, it is apparent that convergence to this “p
competition” welfare is slower the finer is the grid. Now, suppose the current grid is c
(solid thick line), and the market designer contemplates moving to a fine grid (solid

Fig. 3. The impact of the rate of convergence on investor’s welfare.

20 A caveat is in place. We are not able to derive a monotone relation between an “optimal tick size” a
number of dealers. Rather, our normative recommendation is based on the analysis of two extreme ca
monopoly and the perfectly competitive case, and how close the actual number of dealers is to these two
cases.
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line) or to a very fine grid (dashed line). If the number of dealers is smaller thanm1,
decreasing the tick size to any one of the two alternatives would hurt the investor.
number of dealers is betweenm1 andm3, moving to the fine grid dominates moving
the very fine grid in terms of investor’s welfare. Only when the number of dealers is l
thanm3, moving to the very fine grid would be better for the investor. If the numbe
dealers is belowm2, moving from the coarse grid to the very fine grid actually impa
investor’s welfare. Thus, a sharp decline in tick size might be harmful to investors,
number of dealers is not sufficiently large.

The next proposition formalizes this idea by studying the rate of convergence
competitive outcome.

Proposition 8. Consider a market with a tick size of 1
n

, and let {Bn,m} be any sequence of
non-decreasing equilibrium strategies in markets with m dealers. The following holds:

(1) Γ investor
n,∞ − Γ investor

n,m (Bn,m) = O

((
F

(
1− 1

n

))m)
,

(2) Γ dealers
n,m (Bn,m) − Γ dealers

n,∞ = O

((
F

(
1− 1

n

))m)
,

(3) Γ total
n,m (Bn,m) − Γ total

n,∞ = O

((
F

(
1− 1

n

))m)
.

The intuition behind this result is as follows. As the number of dealers increas
becomes increasingly likely that at least one of the dealers has a reservation value
higher than 1− 1

n
. By Proposition 4, σ

Bn,m

n−1 → 1 − 1
n
, therefore it becomes highly likel

that the winning quote will be 1− 1
n
. Givenm dealers, the probability that this is not t

case is approximately(F (1 − 1
n
))m. Thus, the difference between the welfare meas

in the perfectly competitive case and those measures given a finite number of de
approximately the probability that a quote smaller than 1− 1

n
will win the stock. This

probability increases when the tick size becomes smaller.
For n2 > n1, the difference betweenO((F (1 − 1

n1
))m) andO((F (1 − 1

n2
))m) is large

whenm is small, and when the difference betweenn1 andn2 is large. Therefore, we woul
expect a detrimental effect on investors’ welfare following a decrease in tick size in m
where: (i) the number of dealers is small; and (ii) the decrease in tick size is sharp.

8. Discussion and conclusion

We have investigated the relation between price discreteness and the number o
ers in a dealer market. Our analysis suggests that the welfare effects of a change
size are affected by the number of dealers in the market. When the number of de
small, dealers prefer fine price grids, while when the number of dealers is large they
coarse price grids (large tick size). When the number of dealers is small, investor
tude toward the tick size is ambiguous with some preference toward larger ticks. Wh
number of dealers is large, investors prefer fine price grids. This observation yields s
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empirical implications. The number of dealers will decline following a decrease in
size in markets with a large number of dealers. This number will increase in market
a small number of dealers. The probability of transaction and hence the transactio
will increase following a decrease in tick size in markets with many dealers. In ma
with a small number of dealers, this effect is ambiguous. Finally, a decrease in tic
makes dealers more aggressive, implying a decline in bid–ask spreads in markets
large number of dealers. This effect is ambiguous when the number of dealers is sm

In our view, these results should be useful to market designers. When they dec
the tick size for a specific stock, they should take into account the number of deale
this stock. A very fine grid of prices for not highly competitive stocks enables the de
to better exploit their market power, and extract a larger portion of the potential gains
trade.

While our model refers to dealer markets only, we claim that our main results an
tuition carry over to other market mechanisms in which liquidity suppliers compete
limit orders for anticipated market orders (such as a limit order book). The role of
ers in our model should be played by liquidity suppliers (limit order submitters), an
role of investors should be played by liquidity demanders (market order submitters
important feature needed in order to facilitate our analysis is that liquidity supplier
before the liquidity demanders by submitting limit orders. This “first mover advant
given to liquidity suppliers is sufficient to create the interaction between price discret
and competition.

The intuition of our model also carries over to other selling mechanisms that ar
directly related to financial markets, such as internet auctions. For example, e-Ba
largest auctions site on the Web, induces automatic bid increments of approximate
of the prevailing highest bid.21 The dealers in our model are equivalent to buyers in
auction and the investor is identified with the seller. The tick size is then set either b
seller or by the auctions web site. Our results indicate that in auctions that attract
small number of buyers, sellers should mandate a positive and non negligible tick si
contrast, highly popular auctions that attract many buyers should feature no tick siz
or a very small tick size.

In order to simplify the model, we assumed that dealers’ valuations are statis
independent and that valuations are private. We claim that our main results are ro
these assumption. To see this, consider first the monopolistic dealer case. In thi
it is obvious that a high tick size restrains the monopoly, regardless of the struct
valuations. Thus, our insight about this case is intact, regardless of the specific assu
about dealers’ valuations.

Consider now the perfectly competitive case.Reny and Perry (2003)provide a conver-
gence result parallel to ourProposition 4in a setting that allows for common components
valuation and correlation in valuations. They show that convergence to truth telling a
also in this case. Moreover, our results regarding the perfectly competitive market st
line with the extant literature about discrete prices, that assumes zero profit up-front

21 Seehttp://pages.ebay.com/help/buy/bid-increments.html. The second largest auctions website: Yahoo A
tions uses similar bid increments. Seehttp://help.yahoo.com/help/us/auct/abid/abid-05.html.

http://pages.ebay.com/help/buy/bid-increments.html
http://help.yahoo.com/help/us/auct/abid/abid-05.html
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Given that dealers have opposite attitudes toward the tick size in the monopolist
in the perfectly competitive case, it must be that their attitude changes starting from
level of competition that depends on the current tick size. Thus, markets with a smal
ber of dealers should resemble the monopolistic case while markets with a large n
of dealers should resemble the perfectly competitive case. By imposing restrictions
structure of valuations we created a relatively simple and tractable model. The disc
above suggests that the intuition underlying our main results is robust to relaxing so
our assumptions.
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Appendix A

Proof of Proposition 1. The following definition based onMilgrom and Shannon (1994
is needed first.

Definition 1. The functionh :R2 → R satisfies the Milgrom–Shannon single cross
property (SCP) in(x, θ) if, for all xH > xL and allθH > θL, h(xH , θL) � (>) h(xL, θL)

impliesh(xH , θH ) � (>) h(xL, θH ).

Consider now our game of incomplete information withm dealers and a tick size of1
n
.

Let (B1, . . . ,Bm) be anm-tuple of strategies. We denote byπi(bi, yi,B−i ) the expected
profit to a dealeri ∈ {1, . . . ,m} whose value isyi ∈ [0,1], when he submits a quote
bi ∈ Pn and them − 1 other dealers use the strategiesB1, . . . ,Bi−1,Bi+1, . . . ,Bm.

Proposition (Adapted from Athey, 2001). Suppose that given any m-tuple of non-
decreasing strategies Bi : [0,1] → Pn, πi(bi, yi,B−i ) satisfies the Milgrom–Shannon sin-
gle crossing property in (bi, yi) for all i = 1, . . . ,m. Then there exists a non-decreasing
pure strategy Nash equilibrium, i.e. an m-tuple (B∗

1, . . . ,B∗
m) such that for all yi ∈ [0,1],

B∗
i (yi) ∈ arg maxb∈Pn πi(bi, yi,B

∗−i ), for all i = 1, . . . ,m.

In order to accomplish our existence result we must show that in symmetric g
Athey’s result can be adapted to prove existence of symmetric equilibria, i.e. equilibr
satisfyB1 = B1 = · · · = Bm ≡ B. Furthermore, we must show that our objective funct
satisfies the Milgrom–Shannon single crossing property given that all dealers us
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n this

ed

ingle

ced by
decreasing strategies. The former claim is standard, and we omit the proof.22 For the latter
claim, in the following lemma we show that the single crossing property is satisfied i
model no matter what strategies are used by other dealers.

Lemma 1. For any given dealers’ strategies (B1, . . . ,Bm), πi(bi, yi,B−i ) satisfies the
Milgrom–Shannon single crossing property for all i = 1, . . . ,m.

Proof. Let bH ,bL ∈ Pn, yH ,yL ∈ [0,1] and supposebH > bL, yH > yL. Let i ∈
{1, . . . ,m} and assume:

(A.1)πi

(
bH ,yL,B−i

)
� πi

(
bL, yL,B−i

)
.

Suppose on the contrary that

(A.2)πi

(
bH ,yH ,B−i

)
< πi

(
bL, yH ,B−i

)
.

We denote:

Φi(b,B−i ) = Pr




A transaction occurs, and dealeri wins the stock
given that he bidsb and the other dealers use
the strategiesB1, . . . ,Bi−1,Bi+1, . . . ,Bm.




Notice thatΦi(b,B−i ) is non-decreasing inb no matter what kind of strategies are us
by the otherm − 1 dealers.

Equations(A.1) and (A.2)may be rephrased as follows:

(yL − bH )Φi(bH ,B−i ) � (yL−bL)Φi(bL,B−i ),

(yH − bH )Φi(bH ,B−i ) < (yH−bL)Φi(bL,B−i ).

But these two inequalities together imply that:Φi(bH ,B−i ) < Φi(bL,B−i )—a contra-
diction. A similar argument is used to show that the strict inequalities part of the s
crossing property definition is satisfied.�
Proof of Proposition 4. The following four lemmas are required for the proof.

Lemma 2. Let {am}, {bm}, {cm} and {dm} be any convergent sequences of real numbers
such that for all m = 1,2,3, . . . : 1 � am > bm � cm > dm � 0, and denote the limits of
these sequences by a, b, c, and d respectively. Then the following holds:

(1) If 1> a > b then

(am)m − (bm)m

am − bm

→ 0.

22 Proving that a symmetric equilibrium exists in this case can be done using a method originally introdu
John Nash in his dissertation. A formal proof for our case is available upon request.
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(2) If b � c > d then

(cm)m − (dm)m

cm − dm

/(
m · (bm)m−1) = O

(
1

m

)
.

(3) If a � b then the sequence

m · (bm)m−1
/ (am)m − (bm)m

am − bm

is bounded from above by 1.
(4) If a � b � c > d then

(cm)m − (dm)m

cm − dm

/
(am)m − (bm)m

am − bm

= O

(
1

m

)
.

Proof. (1) Letε > 0 satisfya < 1−ε. Form large enough we have:am < 1−ε, and there-
fore: 0� (am)m < (1− ε)m. Hence by the sandwich rule(am)m → 0. The same argumen
shows that(bm)m → 0, and sincea > b we are done.

(2)

(cm)m − (dm)m

cm − dm

/(
m · (bm)m−1) = 1

m
· bm

cm − dm

·
((

cm

bm

)m

−
(

dm

bm

)m)
.

Now, ( cm

bm
)m is bounded from above by 1, and( dm

bm
)m tends to zero by the argument

part (1) of this lemma. This establishes the required result.
(3) For anym = 1,2, . . . , the following holds:

m · (bm)m−1
/ (am)m − (bm)m

am − bm

= m · (bm)m−1
/ m∑

i=1

(am)m−i (bm)i−1

= m
/ m∑

i=1

(
am

bm

)m−i

.

Sinceam > bm, each term of the sum in the denominator is greater than or equal
hence the denominator is greater thanm. Thus, for eachm this expression is bounded fro
above by 1 as required.

(4) For anym = 1,2,3, . . . , write:

(cm)m − (dm)m

cm − dm

/ (am)m − (bm)m

am − bm

=
(

(cm)m − (dm)m

cm − dm

/(
m · (bm)m−1)) ·

(
m · (bm)m−1

/ (am)m − (bm)m

am − bm

)
.

The result follows now from an application of parts (2) and (3) of this lemma.�
Lemma 3. Consider a market with a tick size of 1

n
. Suppose there exists a sequence of

non-decreasing equilibrium strategies {Bn,m}∞m=1 in markets with m dealers that con-
verges to a non-decreasing strategy Bn almost everywhere on [0,1]. Then ∆n(Bn,m)

= {0, 1, . . . , n−1} for all m large enough.

n n
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Proof. Suppose on the contrary that there exists anh ∈ {0, . . . , n − 1} and a subsequenc
{mt }∞t=1 such thath

n
/∈ ∆n(Bn,mt ) for all t = 1,2, . . . . Clearly23 h > 0. For k ∈ {0, . . . ,

h−1} define:Qk ≡ {y ∈ (h
n
, h+1

n
): Bn(y) = k

n
}. There exists ak ∈ {0, . . . , h−1} such that

Pr(Qk) > 0. It follows that there exists a numbert0 such that fort � t0 there exists a set o
typesQk,t ⊂ (h

n
, h+1

n
) such that Pr(Qk,t ) > 0, andBn,mt (y) = k

n
for all y ∈ Qk,t . SinceBn

and{Bn,mt }∞t=t0
are non-decreasing, we have thatQk and{Qk,mt }∞t=t0

are all in the form

of an interval contained in(h
n
, h+1

n
). Therefore, by choosingt0 large enough we have th

Sk ≡ ⋂∞
t=t0

Qk,t is of positive probability.24 SinceBn,mt is an equilibrium, it follows from
Eqs.(5) and (6)that for all t � t0 andy ∈ Sk :

1

mt

G

(
k

n

)(
y − k

n

)
(F (σ

Bn,mt

k+1 ))mt − (F (σ
Bn,mt

k ))mt

F (σ
Bn,mt

k+1 ) − F(σ
Bn,mt

k )

� G

(
h

n

)(
y − h

n

)(
F

(
σ

Bn,mt

h

))mt−1
.

Rearranging we obtain:

G(k
n
)(y − k

n
)

G(h
n
)(y − h

n
)

� mt

(
F

(
σ

Bn,mt

h

))mt−1
/F((σ

Bn,mt

k+1 ))mt − (F (σ
Bn,mt

k ))mt

F (σ
Bn,mt

k+1 ) − F(σ
Bn,mt

k )

for all t � t0.

The l.h.s. does not depend ont , however byLemma 2part (2), the r.h.s. tends to infinit
ast increases. Thus, this inequality cannot hold for large enought—a contradiction. �
Lemma 4. Consider a market with a tick size of 1

n
. Suppose there exists a sequence of non-

decreasing equilibrium strategies {Bn,m}∞m=1 in markets with m dealers, that converges to a
non-decreasing strategy Bn almost everywhere on [0,1]. Then ∆n(Bn) = {0, 1

n
, . . . , n−1

n
}.

Proof. Suppose on the contrary that there exists anh ∈ {0,1, . . . , n − 1}, such that
h
n

/∈ ∆n(Bn). By Lemma 3we may assume thath
n

∈ ∆n(Bn,m) for all m = 1,2,3, . . . . This

implies thatσ
Bn,m

h+1 > σ
Bn,m

h for all m, howeverσBn

h+1 ≡ limm→∞ σ
Bn,m

h+1 = limm→∞ σ
Bn,m

h ≡
σ

Bn

h . We conclude that there exists ak ∈ {0, . . . , h − 1} such that the set:Qk ≡ {y ∈
(h
n
, h+1

n
): Bn(y) = k

n
} is of positive probability. It follows that there exists a numberm0

such that form � m0 the setsQk,m ≡ {y ∈ (h
n
, h+1

n
): Bn,m(y) = k

n
} are of positive proba

bility. Furthermore, by choosingm0 large enough, the setTk ≡ ⋂∞
m=m0

Qk,m is of positive
probability.

23 Any equilibrium strategy assumes 0 with positive probability.
24 Denoteξk = inf Qk , andζk = supQk . Since Pr(Qk) > 0, we have:ξk < ζk . Also, notice that limt→∞ Qk,t =
Qk (set convergence). Now, by choosingt0 large enough and a sufficiently smallε > 0, we have:Qk,t ⊃ (ξk +
ε, ζk − ε) for all t � t0. Therefore:

⋂∞
t=t Qk,t is of positive probability.
0
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All the Bn,m are equilibrium strategies, and byLemma 3both k
n

and h
n

belong to
∆n(Bn,m). It follows that for ally ∈ Tk andm � m0:

1

m
G

(
k

n

)(
y − k

n

)
(F (σ

Bn,m

k+1 ))m − (F (σ
Bn,m

k ))m

F(σ
Bn,m

k+1 ) − F(σ
Bn,m

k )

� 1

m
G

(
h

n

)(
y − h

n

)
(F (σ

Bn,m

h+1 ))m − (F (σ
Bn,m

h ))m

F(σ
Bn,m

h+1 ) − F(σ
Bn,m

h )
,

or equivalently:

G(k
n
)(y − k

n
)

G(h
n
)(y − h

n
)

�
(F (σ

Bn,m

h+1 ))m − (F (σ
Bn,m
h ))m

F(σ
Bn,m

h+1 ) − F(σ
Bn,m

h )

/
(F (σ

Bn,m

k+1 ))m − (F (σ
Bn,m
k ))m

F(σ
Bn,m

k+1 ) − F(σ
Bn,m

k )
.

The l.h.s. of this inequality does not depend onm while the r.h.s. tends to infinity b
Lemma 2part (4). This yields a contradiction.�
Lemma 5. Consider a market with a tick size of 1

n
. Suppose there exists a sequence of non-

decreasing equilibrium strategies {Bn,m}∞m=1 in markets of m dealers, that converges to a
non-decreasing strategy Bn almost everywhere on [0,1]. Then Bn = Hn almost everywhere
on [0,1].

Proof. In order to show thatBn = Hn almost everywhere, we will show thatσBn

k ≡
limm→∞ σ

Bn,m

k = k
n

for all k ∈ {0,1, . . . , n − 1}. First, notice that since eachBn,m is an

equilibrium we haveσ
Bn,m

k � k
n

for all k = 1, . . . , n − 1 andm = 1,2, . . . . By moving to

the limit we obtain:σBn

k � k
n

for all k = 1, . . . , n−1. Therefore, we only have to show th
a strict inequality is impossible.

Let k ∈ {0,1, . . . , n−1}, and suppose on the contrary thatσ
Bn

k > k
n
. It follows that there

exists a numberm0 such that for allm � m0, σ
Bn,m

k > k
n
. FromLemma 4it follows that

k
n

∈ ∆n(Bn). This implies that there exists anh ∈ {k + 1, . . . , n}, such the setQ ≡ {y ∈
( h
n
, h+1

n
): Bn(y) = k

n
} is of positive probability. This in turn implies that if we choosem0

large enough the setsQk,m ≡ {y ∈ (h
n
, h+1

n
): Bn,m(y) = k

n
} are of positive probability fo

all m � m0, and furthermore the setTk ≡ ⋂∞
m=m0

Qk,m is of positive probability. Applying

Lemma 4again, we conclude thath
n

∈ ∆n(Bn), hence by choosingm0 large enough we
may assume that it is attained with positive probability also byBn,m for all m � m0.

SinceBn,m is an equilibrium, and bothk
n

and h
n

appear with positive probability, w
may write for ally ∈ Tk andm � m0:

1

m
G

(
k

n

)(
y − k

n

)
(F (σ

Bn,m

k+1 ))m − (F (σ
Bn,m

k ))m

F(σ
Bn,m

k+1 ) − F(σ
Bn,m

k )

� 1

m
G

(
h

n

)(
y − h

n

)
(F (σ

Bn,m

k+1 ))m − (F (σ
Bn,m

k ))mt

F (σ
Bn,m

k+1 ) − F(σ
Bn,m

k )
.
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But Lemma 2part (5) implies that this cannot hold for large enoughm—a contradic-
tion. �

We turn now to the proof of the proposition. Let{Bn,m} be any sequence of non
decreasing equilibrium strategies in markets withm dealers. EachBn,m is represented b
σBn,m ∈ Σ ⊂ R

n+2. By Lemma 5, all convergent subsequences ofσBn,m converge toσHn .
SinceΣ is compact, this implies thatσBn,m itself converges theσHn . But this in turn im-
plies thatBn,m converges toHn almost everywhere. �
Proof of Proposition 5. (1) From Eq.(7) we have:

(A.3)Γ investor
n,m (Bn,m) =

n−1∑
k=1

γ

(
k

n

)[(
F

(
σ

Bn,m

k+1

))m − (
F

(
σ

Bn,m

k

))m]
.

By Proposition 4, for all k = 1, . . . , n − 1, σ
Bn,m

k → k
n

< 1. Hence, by an argumen

similar to Lemma 2part (1),(F (σ
Bn,m

k ))m → 0. It follows that asm tends to infinity we
may neglect all the terms of the summation exceptk = n − 1, since they all tend to zero
On the other hand,F(σ

Bn,m
n ) = 1 for all m. Thus,

(A.4)Γ investor
n,∞ = lim

m→∞γ

(
n − 1

n

)[
1− (

F
(
σ

Bn,m

n−1

))m] = γ

(
1− 1

n

)
.

By using the Taylor expansion forγ (·) and applying integration by parts we obtain:

γ

(
1− 1

n

)
= γ (1) − 1

n
+ O

(
1

n2

)
= 1− µG − 1

n
+ O

(
1

n2

)
,

as required.
(2) From Eq.(8) we have:

Γ dealers
n,m (Bn,m) =

n−1∑
k=1

G

(
k

n

)
(F (σ

Bn,m

k+1 ))m − (F (σ
Bn,m

k ))m

F(σ
Bn,m

k+1 ) − F(σ
Bn,m

k )

σ
Bn,m
k+1∫

y=σ
Bn,m
k

(
y − k

n

)
f (y)dy.

By the same argument used in part (1) of this proposition, all the terms in the summ
exceptk = n − 1 should be neglected asm tends to infinity.

It follows that:

Γ dealers
n,∞ = lim

m→∞G

(
n − 1

n

)
1− (F (σ

Bn,m

n−1 ))m

1− F(σ
Bn,m

n−1 )

1∫
y=σ

Bn,m
n−1

(
y − n − 1

n

)
f (y)dy.

Denote:ϕ(t) ≡ ∫ t

0 F(y)dy. By Proposition 4, σ
Bn,m

n−1 → n−1
n

. Hence, from the continuity
of F and by applying integration by parts we obtain:

Γ dealers
n,∞ = G(1− 1

n
)

1− F(1− 1)

[
1

n
− ϕ(1) + ϕ

(
1− 1

n

)]
.

n
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Using the Taylor expansion yields:

ϕ

(
1− 1

n

)
= ϕ(1) − 1

n
+ f (1)

2n2
+ O

(
1

n3

)
,

F

(
1− 1

n

)
= 1− f (1)

n
+ O

(
1

n2

)
,

G

(
1− 1

n

)
= 1− O

(
1

n

)
.

Therefore,

Γ dealers
n,∞ (Bm) =

(
1− O

(
1

n

)) f (1)

2n2 + O( 1
n3 )

f (1)
n

− O( 1
n2 )

= 1

2n
+ O

(
1

n2

)
.

(3) Follows from adding up the results of parts (1) and (2).�
Proof of Proposition 6. The probability of transaction is given by:

P(Bn,m) =
n−1∑
k=1

G

(
k

n

)[(
F

(
σ

Bn,m

k+1

))m − (
F

(
σ

Bn,m

k

))m]
.

By Proposition 4, for all k = 1, . . . , n − 1, σ
Bn,m

k → k
n

< 1. Hence, by an argument simil
to Lemma 2part (1), (F (σ

Bn,m

k ))m → 0. It follows that asm tends to infinity we may
neglect all the terms of the summation exceptk = n − 1, since they all tend to zero. On th
other hand,F(σ

Bn,m
n ) = 1 for all m. Thus:

lim
m→∞P(Bn,m) = G

(
1− 1

n

)[
1− (

F
(
σ

Bn,m

n−1

))m] = G

(
1− 1

n

)
.

Using Taylor expansion we obtain:

G

(
1− 1

n

)
= G(1) − 1

n
g(1) + O

(
1

n2

)
= 1− 1

n
g(1) + O

(
1

n2

)
.

It follows that the probability of no transaction is:

1− G

(
1− 1

n

)
= 1

n
g(1) + O

(
1

n2

)
,

which isO( 1
n
) as required. �

Proof of Proposition 7. Let Bn,m be an equilibrium. The expected aggressiveness is g
by:

Ω(Bn,m) =
n−1∑
k=1

k

n

[(
F

(
σ

Bn,m

k+1

))m − (
F

(
σ

Bn,m

k

))m]
.

By Proposition 4, for all k = 1, . . . , n − 1, σ
Bn,m

k → k
n

< 1. Hence, by an argument simil

to Lemma 2part (1), (F (σ
Bn,m

))m → 0. It follows that asm tends to infinity we may
k
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neglect all the terms of the summation exceptk = n − 1, since they all tend to zero. On th
other hand,F(σ

Bn,m
n ) = 1 for all m. Thus: limm→∞ Ω(Bn,m) = 1− 1

n
. �

Proof of Proposition 8. The following lemma is needed first.

Lemma 6. Assume a market with a tick size of 1
n

, and consider a sequence of non-
decreasing equilibrium strategies {Bn,m} in markets with m dealers. The probability of
submitting a dishonest quote by a dealer is O( 1

m
). Furthermore: σ

Bn,m

h = h
n

+ 1
n

· O( 1
m

),
h ∈ {0,1, . . . , n − 1}.

Proof. We prove the second part of the lemma first.
By Proposition 4, there exists a numberM(n) such that for allm � M(n) we have

∆n(Bn,m) = {0, 1
n
, . . . , n−1

n
}. Letm � M(n). For anyh ∈ {1, . . . , n−1}, k ∈ {0, . . . , h−1}

andy = σ
Bn,m

h we have:

G

(
h − 1

n

)(
σ

Bn,m

h − h − 1

n

)
(F (σ

Bn,m

h ))m − (F (σ
Bn,m

h−1 ))m

F(σ
Bn,m

h ) − F(σ
Bn,m

h−1 )

= G

(
h

n

)(
σ

Bn,m

h − h

n

)
(F (σ

Bm,m

h+1 ))m − (F (σ
Bn,m

h ))m

F(σ
Bn,m

h+1 ) − F(σ
Bn,m

h )
.

Solving forσ
Bn,m

h yields:

σ
Bn,m

h = h

n
+ 1

n
· 1

/(
G(h

n
)

G(h−1
n

)
· F(σ

Bn,m

h ) − F(σ
Bn,m

h−1 )

F (σ
Bn,m

h+1 ) − F(σ
Bn,m

h )

× (F (σ
Bn,m

h+1 ))m − (F (σ
Bn,m

h ))m

(F (σ
Bn,m

h ))m − (F (σ
Bn,m

h−1 ))m
− 1

)
.

By part (4) ofLemma 2we obtain that:σ
Bn,m

h = h
n

+ 1
n

·O( 1
m

) for all h ∈ {0, . . . , n− 1}
as required.

As for the first part of the proposition: the probability of getting a dishonest quote
dealer is:

∑n−1
h=0(σ

Bm

h − h
n
). The previous result immediately implies that this probabi

is O( 1
m

). �
We turn now to the proof of the proposition.
(1) Letm � 1. We assume below thatn � 3.25 From Eqs.(A.3) and (A.4)we have:

Γ investor
n,∞ − Γ investor

n,m

= γ

(
1− 1

n

)
−

n−1∑
k=1

γ

(
k

n

)[(
F

(
σ

Bn,m

k+1

))m − (
F

(
σ

Bn,m

k

))m]

25 The proof is the same forn < 3, only with minor modifications.
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(
σ
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−
n−3∑
k=1

γ

(
k

n
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F

(
σ
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k+1

))m − (
F

(
σ
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k
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Therefore:

Γ investor
n,∞ − Γ investor

n,m

(F (1− 1
n
))m

=
[
γ

(
1− 1

n

)
− γ

(
1− 2

n

)](
F(σ

Bn,m
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F (1− 1
n
)

)m

+ γ

(
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)m

−
n−3∑
k=1

γ

(
k
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(
σ

Bn,m

k+1

))m − (
F

(
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k

))m]/(
F

(
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.

By Proposition 4, asm tends to infinityF(σ
Bn,m

k ) → F( k
n
) for all k = 1, . . . , n−1. This

implies that the second and the third terms tend to zero. Let us denote the first termA1.
By Lemma 6we have:

A1 =
[
γ

(
1− 1

n

)
− γ

(
1− 2

n

)](
F(1− 1

n
+ 1

n
O( 1

m
))

F (1− 1
n
)

)m

.

As m tends to infinity, the term in parentheses tends to exp( 1
n(1−1/n)

), which is of course

finite. Thus, we have shown that(Γ investor
n,∞ − Γ investor

n,m )/(F (1− 1
n
))m tends to a finite limit

asm tends to infinity, as required.
Similar arguments are used to prove part (2). Part (3) follows from parts (1) and (2�
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